Certain star shaped quivers exhibit a pattern of symmetry enhancement on the Coulomb branch of 3d N = 4 supersymmetric gauge theories. This paper studies a subclass of theories where such global symmetry enhancement occurs through a computation of the Highest Weight Generating Function (HWG) and of the corresponding Hilbert Series (HS), providing a further test of the Coulomb branch formula [1] . This special subclass has a feature in which the HWG takes a particularly simple form, as a simple rational function which is either a product of simple poles (termed freely generated) or a simple PE (termed complete intersection). Out of all possible star shaped quivers, this is a particularly simple subclass. The present study motivates a further study of identifying all star shaped quivers for which their HWG is of this simple form.
Introduction
Recently a general formula which allows to count BPS gauge invariant operators for the Coulomb branch of 3d N = 4 theories has been introduced [1] . This result is very remarkable since the structure of the chiral ring associated with the Coulomb branch of 3d N = 4 is quite involved. This is due to the fact that also monopole operators are present in addition to the classical fields in the Lagrangian. However, as stated above, the so-called monopole formula [1] allows to describe the Coulomb branch using monopole operators dressed with scalar fields from the vector multiplet. This formula reproduces the Hilbert Series (HS) for the Coulomb branch, i.e. the generating function which counts chiral operators present in the theory according to their dimension and other quantum numbers under global symmetries (see e.g. [2] for an introduction to this topic). This formula can be applied to any gauge theory that is good or ugly in the sense of [3] . Recently a new technique that simplifies the computation of the HS for "good" theories has been worked out [4, 5] . This novel approach relies on the notion of Hilbert basis, that is a sufficient set of monopole operators that generates the chiral ring and whose knowledge completely determine the HS. Moreover the application of the monopole formula led to an expression for the Coulomb branch Hilbert Series of the T ρ (G) theory in terms of the Hall-Littlewood polynomials [6] and for the Coulomb branch HS of T σ ρ (G) theory in terms of the so called generalized Hall-Littlewood polynomials [7] . Moreover this formula has been successfully applied also in the context of the mirror of 3d Sicilian theories [8, 9] . These theories arise from the compactification of the 6d (2,0) theory with symmetry group G on a circle times a Riemann surface with punctures. As we will review the HS of these theories can be obtained by gluing together different T ρ (G) theories.
Moreover recently it has been developed a new mathematical tool that simplifies the computation of the HS, the so called Highest Weight Generating function (HWG) (see [10] for an introduction to this topic). This method is based on the highest weight Dynkin labels of the symmetry group that characterizes the theory taken under consideration and it has already been successfully applied [11] [12] .
In the present paper we move a further step in this direction and we perform the computation of the HWG and of the corresponding HS for the mirror of certain 3d Sicilian theories [8] , which are chosen such that they exhibit a sufficiently large global symmetry. In particular we examine how the HS can be decomposed under representations of the global symmetry group that characterizes these theories.
The present paper is organized as follows. In section 2, after a short review of the Coulomb branch formula introduced in [1] and its application in the context of the T ρ (G) theory [6] , we examine how such formula can be applied for the computation of the HS of the mirror of 3d Sicilian theories [7] . Moreover we also summarize the basic aspects of the computation technique that we employ in the following part of the paper. In section 3 we review the relation between the Coulomb and Higgs branch of 3d N = 4 theories and closure of nilpotent orbits [13, 14] . In section 4 we summarize our main results, i.e. the general expressions of the HWG for the theories that have been taken into account. We focus our attention on theories with unitary and orthogonal global symmetry groups and on the mirror of the (k) − [2N ] theory (see [15, 16] ). Then in section 5 we test the previous expressions performing the explicit computation of the HWG and of the Plethystic Logarithm (PLog) for theories with unitary global symmetry group. We examine in detail the cases in which the integer N , that characterizes the theory, is equal to 3 and 4. While we refer the reader to the appendix B for the analysis performed for higher values of N . Then in section 6 we test the expression of the HWG for theories with orthogonal global symmetry group. Finally we end up with some conclusions in section 7. We refer the reader to appendices A -B for the conventions that have been employed and more technical aspects related to the computations.
The Coulomb branch Hilbert Series for 3d N = 4 theories
In all this paper we consider the Coulomb branch of 3d N = 4 gauge theories. This branch is described by the VEVs of the triplet of scalar fields in the N = 4 vector multiplet and by the VEV of the dual photons. Differently from the Higgs branch the Coulomb branch is affected by quantum corrections and the corresponding chiral ring also involves monopole operators. A suitable description of the chiral ring on the Coulomb branch has been introduced in [1] . As a matter of fact the gauge invariant objects in this branch are monopole operators dressed by a product of certain scalar fields in the vector multiplet. This provided a systematic way to study the chiral ring of this branch. Moreover an analytic expression of the corresponding generating function, known as the Hilbert Series (HS), has been found. This function counts gauge invariant BPS operators that have a non-zero vacuum expectation value along the Coulomb branch. In the following we denote this expression as the monopole formula. We review this formula in section 2.1.
Using the monopole formula an analytic expression for the HS of the so called T ρ (G) theories [3] has been introduced in [6] . This expression holds for any classical gauge group G and for any partition ρ related to the GNO dual group G v [17] . Moreover it has been shown that the HS can be expressed as a function of the Hall-Littlewood polynomials. In the following we denote this formula as the Hall-Littlewood formula and we review it in section 2.2. The previous result has been generalized in the context of the T σ ρ (G) theories [7] . Finally the previous computational technique has been applied in the context of the mirror of 3-dimensional Sicilian theories [7] . The computation of the HS for this class of theories can be performed gluing together the HS for different T ρ (G) theories that share the same global symmetry group. We refer to the corresponding formula as the gluing formula. We review it in section 2.3. In the following part of this section we summarize the basic computational tools that have been employed in the rest of this article.
The monopole formula
The monopole formula [1] allows to count all the BPS gauge invariant operators that can acquire a non-zero VEV along the Coulomb branch, according to their dimensions and other quantum numbers. Using the N = 2 formalism the N = 4 vector multiplet is decomposed in a N = 2 vector multiplet and in N = 2 chiral multiplet transforming in the adjoint representation of the gauge group. The Hilbert Series for an ugly or a good theory with gauge group G reads [1] 
where the sum is taken over the magnetic charges m of the monopole operator V m that, modulo a gauge transformation, belongs to a Weyl Chamber of the weight of lattice Γ G v of the GNO dual group [17] . The factor P G (t, m) counts operators constructed by the adjoint scalar field φ in the chiral multiplet. These operators are gauge invariant under the action of the gauge group H m unbroken in the presence of the monopole operator V m . This factor is given by
where the d i (m) are the degrees of the independent Casimir invariants of H m . Finally ∆(m) is the dimension of the monopole operator
where α are the positive roots of the gauge group G and ρ i ∈ R i are the weights of the matter field representation R i under the gauge group. J(m) is the topological charge, one per each gauge node in the quiver, of the monopole operator of GNO charges m. Finally z is the fugacity of the topological symmetry. The formula (1) can be generalized to also include background monopole fluxes for a global flavour symmetry G F acting on the matter fields. The corresponding Hilbert Series formula reads [6] HS
where the sum is taken only over the magnetic fluxes of the gauge group G but depends on the weights m F of the dual flavor group G v F . These weights enter in the formula (4) through the dimension ∆ of the operators. Moreover, using the global symmetry, we can restrict the possible values of m F to a Weyl chamber of
The Hall-Littlewood formula
The Hilbert Series formula (4) can be applied in the context of the T ρ (G) theory, leading to the Hall-Littlewood formula [6] . A T ρ (G) is specified by a partition ρ and classical gauge group G.
1
The partition ρ of N is given by
moreover the corresponding theory is "good" (in the sense of [3] ) if the partitions satisfies the non-increasing constraint
The quiver diagram for this theory is reported in figure 1 . The quiver theory can be obtained
...
starting from a brane configurations as proposed in [16] . The Hilbert Series for the Coulomb branch of this theory can be expressed in terms of the Hall-Littlewood polynomials as [6] HS
where n 1 , n 2 , ..., n N are the background GNO charges for the U (N ) group, with
and the Hall-Littlewood polynomials are given by
while the factor δ(n) reads
The function K ρ (x; t) depends on the particular partition ρ that have been considered. Explicitly it reads
where ρ T is the transpose of the partition ρ and the two factors a i j andā i k are given by
these factors are associated to each box in the Young tableau. Finally w r denotes the weights of the SU (2) representation of dimension r
therefore the notation t wr stands for the vector t wr = (t r−1 , t r−3 , ..., t 3−r , t
1−r
).
The formula (7) admits a generalization for other classical gauge groups. We refer the interested reader to [6] for a discussion of these cases.
Mirrors of 3d Sicilian theories and the gluing formula
In this section we review the formula for the Hilbert Series of Coulomb branch of the mirrors of 3d Sicilian theories [7] . These theories are be obtained starting from the 6d (2,0) theory with symmetry group G performing a compactification over a punctured Riemann surface times a circle. Therefore these theories can be understood as the mirrors of the theories on M5-branes wrapping a circle times a punctured sphere ρ 1 , ..., ρ n [8, 18] . These theories are described by a star-shaped quiver gauge theory. This is a quiver diagram with n-arms all connected trough a central node. An example of star-shaped quiver with three arms is reported in figure 2 . Each arm i of the quiver diagram is associated to a different T ρi (G) theory. A formula that allows to obtain the Coulomb branch Hilbert Series for these class of theories have been introduced in [7] . It was demonstrated that the Hilbert Series for the Coulomb branch of the mirrors of the 3d Sicilian theories is obtained by "gluing" together the Hilbert Series for the different T ρ (G) theories associated to the different arms of the quiver diagram and that share the same global symmetry group. Specifically given a set of theories {T ρ1 (G), ..., T ρe (G)} all with the same global symmetry group G we can construct the corresponding mirror theory gauging the common centerless flavor symmetry G Z(G). Henceforth we restrict our attention to the particular case in which G = SU (N ) and we refer the reader to [7] for the discussion of the general case. In this particular case the Hilbert Series of the resulting theory reads
we observe that the Hilbert Series of the resulting theory is obtained multiplying the Hilbert Series of the building blocks of the star-shaped quiver (i.e. the different T ρi (G) theories) and then summing over the monopoles of the gauged SU (N ) group. See figure 2 for a graphical representation of this formula. In this paper we consider only star-shaped quiver with three arms.
... Remarkably the global symmetry group G global of these theories can be extracted directly from their quiver diagram using the following procedure [3, 19] :
1. Identify all the so called balanced-nodes of the quiver (i.e. a node for which the sum over the ranks k i of the adjacent nodes is equal to 2k, where k is the rank of the node taken in consideration).
2. If all nodes are gauged ungauge a U (1) by choice.
3. Then the balanced nodes will form the Dynkin diagram of the semi-simple part of G global . The abelian part of the global symmetry group is U (1) k−1 , where k is the number of unbalanced nodes of the quiver.
In the following we apply the above prescription to the five families of quiver gauge theories reported in section 4.
Coulomb branch and nilpotent orbits
Following [20] in this section we summarize the basic information regarding nilpotent orbits that will be relevant in the following parts of this paper. Recently it has been understood that the Coulomb branch and the Higgs branch of a 3d N = 4 theory can be related to nilpotent orbits [20] . As a matter of fact Namikawa's theorem [14] states that if the Coulomb branch or the Higgs branch is finitely generated by operators with spin one under the SU (2) R symmetry group then this space is the closure of a nilpotent orbit of the isometry group of the algebra. Spaces with generators with spin higher than one can be thought as extensions of closures of nilpotent orbits. Moreover the generators with spin 1 transform in the adjoint representation of an isometry group of the variety [21] .
Let's focus on nilpotent orbits of the Lie algebra g = sl n . These are in a one to one correspondence with the partitions of n, this is a n-tuple λ = (λ 1 , λ 2 ...λ n ) that satisfies
An elementary Jordan block of order m is a m × m matrix,
given a partition λ = (λ 1 , ..., λ n ) we can introduce the matrix X λ associated to the partition λ
The nilpotent orbit O λ corresponding to the partition λ is obtained as
where G adj denotes the action of the adjoint group. We refer the reader to [13] for more details regarding nilpotent orbits.
In the following sections, in order to outline the relation between closures of nilpotent orbits and Coulomb branch, we consider the PLog expansion of the Hilbert Series and we set equal to zero all the generators with spin higher than one. For each theory we find nilpotent generators (with spin equal to one) that can be represented by a N ×N nilpotent matrix M , such that M 2 = 0, and satisfying the Jordan condition
This implies that the nilpotent matrix M can be only decomposed in the elementary Jordan blocks J 1 and J 2 . Therefore the rank of the matrix M must satisfy the constraint
The above information allow to relate M to the closure of a nilpotent orbit of sl n . This also implies that the nilpotent orbit which results by setting the extra generators to zero is at most of type (2 k , 1 N −2k ) 2 with k < N 2 and k ∈ N.
Overview of the results
In this section we report our main results, i.e. the general expression of the HWG for the five families of quiver gauge theories that have been considered. We focused our attention on three families of quiver gauge theories with unitary global symmetry group (reported in section 4.1) and two families with orthogonal global symmetry group (reported in section 4.2). We report the quiver diagram and the corresponding global symmetry group of each theory. These theories are described by the quiver diagram reported in figure 3 2 We use the shorthand notation (p k ) = ( p, ..., p k times ).
3 Henceforth the balanced nodes of all the quiver diagrams are marked in red. Note that the case N = 3 is special since the global symmetry is enhanced to E 6 . The HWG for this case was already discussed in [11] (see the first line of table 10 of [11] ). In general the HWG for this class of theories reads
where ν is the highest weight of the SU (2) subgroup and the various µ j denote the highest weights of the SU (2N ) subgroup.
Theories with G global = SU (2N )
These theories are described by the quiver diagram reported in figure 4. Note that the case N = 4 is special since the global symmetry is enhanced to E 7 . The HWG for this case was already discussed in [11] (see the fourth line of table 10 of [11] ). In general the HWG for this class of theories reads
where µ j are the highest weights of the SU (2N ) group.
The mirror of the
The mirror of the (k)-[2N] theory is described by the quiver reported in figure 5 ... The corresponding HWG reads
where µ j are the highest weights of the SU (2N ) group. The expression (24) for the HWG was already found in [22] . Moreover the relation between the Coulomb branch of this class of theories and closure of nilpotent orbits was analysed [20] . We test the expressions of the HWG (22), (23) and (24) We conjecture the following HWG for this class of theories
where q is the highest weight of the U (1) subgroup while the various µ i are the highest weights of the SO(4N + 6) group. Note that the case N = 3 is special since the global symmetry is enhanced to E 8 . This case was already discussed in [11] (see the sixth line of table 10 of [11] ). We conjecture the following HWG for this class of theories
Theories with
where µ i are the highest weights of SO(4N + 4). We test the expression (25) and the expression (26) in section 6.
Theories with unitary global symmetry group
In this section we test the expressions of the HWG (22) and (23) for several values of the integer N characterizing the quiver gauge theory. For each theory we report the expression of the corresponding HWG, the first orders of the expansion of the HS and of the Pletystic logarithm, the first generators and their relations. Finally we analyse the connection between the Coulomb branch and closure of nilpotent orbits. We refer the reader to appendix B for further details regarding these computations.
The quiver gauge theory with E 6 global symmetry group is reported in figure 8 . We perform the computation of corresponding unrefined HS using the formula (15) . At the lowest orders in the t expansion we find
At every order in the t-expansion we decompose the E 6 representations under representation of the global symmetry subgroup SU (2) × SU (6). This way we find the HWG
This result for the HWG follows the pattern outlined in equation (22) . Therefore using the above HWG the corresponding HS can be written in terms of SU (2) and SU (6) representations as 
The generators and their relations
At the order t 2 of the expansion (30) we have three generators
where i 1 , ..., i 6 = 1, ..., 6 are SU (6) indices while α, β = 1, 2 are SU (2) indices. The generator M transforms under the adjoint representation of SU (6), the generator C transforms under the adjoint representation of SU (2), while the generator
transforms under the completely antisymmetric representation of SU (6) and under the fundamental representation of SU (2) .
At the order t 4 there are the following relations
There are three generators with spin 1. The relation (40) is satisfied if M is nilpotent and if it satisfies the condition (20) . The relations (41)-(42) are satisfied if C is nilpotent and if N ijk α N ijkβ αβ = 0. The reduced moduli space of 1-instanton of E 6 is identified with the closure of the minimal nilpotent orbit of E 6 [25] . The previous analysis suggests that this space can be decomposed in submanifolds. As a matter of fact the nilpotent operator M is related to the closure of the minimal nilpotent orbit of SU (6), i.e. to the reduced moduli space of 1-instanton of SU (6). On the other hand the operator C is related to the closure of the minimal nilpotent orbit of SU (2), i.e. to the reduced moduli space of 1-instanton of SU (2).
The quiver gauge theory with E 7 global symmetry group is reported in figure 9 . The lowest orders of the t expansion of the corresponding unrefined HS read 10 HS E7 (t; 1, ..., 1) = 1 + 133t
We decompose the representations of the global symmetry group E 7 under representations of its SU (8) subgroup. This way we get the HWG
This result for the HWG follows the pattern outlined in equation (23) . Therefore using the above HWG the corresponding HS can be written in terms of SU (8) representations as
the Plethystic logarithm of the HS (45) reads
At the order t 2 of the expansion of the PLog (46) there are two generators
and 
where c 1 ∈ R. The expression (45) is the power series expansion of the first orders of the Hilbert Series of the reduced moduli space of 1-instanton of E 7 . This space is equal to the minimal nilpotent orbit of E 7 [25] . However it's interesting to analyse the decomposition of E 7 representations under SU (8) representations and interpret the corresponding relations in terms of SU (8) nilpotent orbits. We note that the relation (50) is satisfied if M is a nilpotent matrix and if N i1i2i3i4 N i1i2i3i4 = 0. Since the operator M satisfies the condition (20) and has maximal rank equal to one we can relate it to the minimal nilpotent orbit of SU (8).
The quiver gauge theory with SU (2) × SU (8) global symmetry group is reported in figure 10 . The lowest orders of the expansion of its unrefined HS are
We decompose the previous HS under representations of SU (2) × SU (8) and we find the HWG
]. ).
At the order t 2 of the expansion (57) there are two generators
and
where i 1 , i 2 = 1, ..., 8 are SU (8) indices while α, β = 1, 2 are SU (2) indices. At the order t 3 there is a further generator 
where c 1 ∈ R. At the order t 5 there are the further relations
finally at the order t 6 there are the relations
where c 1 c 2 , c 3 ∈ R. In order to make contact with nilpotent orbits we set equal to zero all the generators with spin higher than 1. Therefore we only consider the generator M 
N
The quiver gauge theory with global symmetry group SU (10) is reported in figure 11 . The first 
We decompose the previous Hilbert Series under representation of SU (10). This way we find the HWG
This result for the HWG follows the pattern outlined in equation ( ).
13 For a generic tensor with the structure P j [klm] we define the projection to the irrep 378 as
The first orders of the expansion of the PLog read 
where i 1 , i 2 = 1, ..., 10 are SU (10) indices. This operator transforms under the adjoint representation of SU (10) . At the order t 3 of the expansion there is a further generator
this operators transforms under the representation 252 of SU (10). At the order t 4 there is a relation
this relation implies that M is a nilpotent operator. At the order t 5 there are two relations
while the relation 1848 is given by the conjugate of the relation (79). At the order t 6 there is the relation
In order to make contact with nilpotent orbits we set to zero the generator N [i1i2i3i4i5] , which has spin greater than one. Therefore M is the only nilpotent generator of spin 1.
The quiver gauge theory with SU (2) × SU (10) global symmetry group is reported in figure 12 . The first orders of the expansion of the unrefined HS are 
14 For a tensor with the structure P i [jklp] we define the projection to the irreducible representation 1848 as
We decompose the Hilbert Series under representation of SU (2) × SU (10 
where i 1 , i 2 = 1, ..., 10 are SU (10) indices while α, β = 1, 2 are SU (2) indices. The generator M transforms under the adjoint representation of SU (10), while the generator C transforms under the adjoint representation of SU (2). At the order t 4 there is the further generator 
where c 1 ∈ R. At the order t 6 there are the following relations
where c 2 ∈ R. In order to make contact with nilpotent orbits we set to zero the generators with spin higher than 1. Therefore we keep only the operator M i1 i2 transforming under the adjoint representation of SU (10) and the operator C αβ transforming under the adjoint representation of SU (2). The relations (89) implies that M and C are nilpotent operators that satisfy the condition (20) . 15 For a generic tensor with the structure P i [jklp] we define the projection to the irrep 1848 as
5.6 N = 6, G gloabl = SU (12)
The quiver gauge theory with SU (12) global symmetry group is reported in figure 13 . The first 
where i 1 , i 2 = 1, ..., 12 are SU (12) indices. This operator transforms under the adjoint representation of SU (12) . At the order t 4 there is another generator
this operator transforms under the representation 924 of SU (12). Moreover there is the relation
therefore M is a nilpotent operator. At the order t 6 there are two relations
in order to make contact with nilpotent orbits we set to zero all the generators with spin higher than one. Therefore we keep only the nilpotent generator M i1 i2 .
16 for a generic tensor with the structure P i [jklpq] we introduce the projection to the irreducible representation 8580 as P
The quiver gauge theory with global symmetry group SU (2) × SU (12) is reported in figure 14 . The first orders of the expansion of the corresponding unrefined Hilbert Series read 
We decompose the Hilbert Series under representations of SU (2) 
where c 1 ∈ R. At the order t 5 there is a further generator
this generator transforms under the 2 × 924 representation of SU (2) × SU (12).
We set equal to zero all the generators with spin higher than 1. This way we keep only the operator M i1 i2 and the operator C αβ . The relation (110) implies that M and C are nilpotent and satisfy the condition (20).
The mirror of the (k) − [2N ] theory
We test the expression (24) performing the computation of the HWG for the mirror of the (k)−[2N ] theory, with k ≤ N . The relation between this class of theories and closure of nilpotent orbits has been extensively studied in [20] . The result is that each theory can be parametrized by a N × N nilpotent matrix whose rank is at most equal to k. So that the Coulomb branch M C of the mirror of the (k) − [2N ] can be written as the closure of the nilpotent orbit parametrized by the partition
6 Theories with orthogonal global symmetry group
In this section we test the expression of the HWG (25) when N = 1, 2.
The computation of the HS for this case is reported in section 5.1. However this time we decompose 
where q is the fugacity for the U (1) charge and the various µ i are the SO (10) (115)
The generators and their relations
We use the same conventions employed in [26] . We denote SO(10) vector indices with Latin letters a, b, = 1, ..., 10, while we denote SO(10) spinor indices with Greek letters α, β = 1, ..., 16 18 . At the order t 2 there are the following four generators
where M ab is a 10 × 10 antisymmetric matrix. The operator T α transforms under the spinorial representation whileT α transforms under the complex conjugated representation, finally S is a scalar operator. At the order t 4 there are the following relations
The quiver diagram with SO(14) × U (1) global symmetry is reported in figure 16 . The first orders 
The corresponding HWG reads
18 The Kronecker delta has the following form δ
while the gamma matrices take the forms (γ
The product of two gamma matrices takes the form
while the product of four gamma matrices reads
where the µ i are SO(14) highest weights while q is the U (1) fugacity. The HS expressed in terms of SO(14) × U (1) representations reads HS(t; y i , q) SO (14)×U ( 
(131)
At the order t 2 there are two generators
where M ab is an antisymmetric matrix, while S is a scalar operator. At the order t 3 there two further generators
the operator T α transforms under the spinorial representation of SO (14), while the operatorT α transforms under the complex conjugate representation. At the order t 4 there are the relations
At the order t 5 we have the further relations
At the order t 6 there are the relations
The quiver gauge theory with E 8 global symmetry group is reported in figure 17 . The first orders of the expansion of the unrefined Hilbert Series are
The corresponding HWG reads 
At the order t 2 there two generators
where we use a, b = 1, ..., 16 to denote SO (16) 
The relation (146) tells us that X is a nilpotent operator.
Conclusions
In this paper we found and we successfully tested the expressions of the HWG and of the corresponding HS for the Coulomb branch of the mirror of some families of 3d Sicilian theories. In particular we analysed the case of theories with unitary and orthogonal global symmetry group. In all the cases we decomposed the corresponding HWG and HS under representation of G global . Moreover we explicitly checked that the numerator of the unrefined Hilbert Series is given by a palindromic polynomial and we studied the generators and the relations arising from the power series expansion of the corresponding Plethystic Logarithm. It would be interesting to extend the previous analysis also to different theories which exhibit a more involved global symmetry group. We postpone such study for future work. 
Appendices A Notation
In all the paper we employed the following conventions
• Following [23] we denote with t the fugacity related to the R-charge of the operators.
• We denote with the Greek letters µ i , ν i and q the fugacities of the highest weights of the HWG. More specifically ν is related to an SU (2) highest weight, while q is related to an U (1) highest weight.
• We denote with x the fugacity of the SU (2) global symmetry and with y i the fugacities of the various SU (2N ) or SO(N ) global symmetry groups.
B Details of the computations
In this appendix we collect the results for higher values of the number N that parametrizes the quiver gauge theories.
The fundamental "building block" of the quiver diagram reported in figure 8 is the quiver [3] − (2) − (1). Using the formula (7) the corresponding Hilbert Series reads
(B.1) We glue together three of these theories gauging the common SU (3) flavour group using the formula (15) . This way the HS for the quiver theory reported in figure 8 reads
where we set n 3 = 0 and the fugacities
3)
The corresponding unrefined Hilbert series reads
20
HS SU (2)×SU (6) (t) = P SU (2)×SU (6) (t) 4) where P SU (2)×SU (6) (t) is a palindromic polynomial given by
The dimension of the pole of the unrefined HWG (28) at t = 1 is 6 while the degree of the polynomial arising from the dimension of the SU (2) × SU (6) representation [n 1 + 2n 2 ; n 3 , n 4 , n 1 + 2n 5 , n 4 , n 3 ] is 16. They add up to 22 which is the dimension of the reduced moduli space of one instanton of
The fundamental "building blocks" of the quiver diagram reported in figure 9 are the quiver diagram [4] - (3)- (2)- (1) and the quiver diagram [4] - (2) . We perform the computation of the corresponding Hilbert Series using the formula (7) . For the first quiver we get
where the fugacities x i satisfy the constraint x 1 x 2 x 3 x 4 = 1 and we set n 4 = 0. While for the second kind of quiver diagram we get
where the fugacities satisfy the constraint p 2 1 p 2 2 = 1 and we set n 4 = 0. We use the formula (15) and we glue together the three quiver gauge theories gauging the common SU (4) flavour group. The HS of the full quiver gauge theory reads
The unrefined Hilbert series reads
where P SU (8) (t) is a palindromic polynomial given by The dimension of the pole of the unrefined HWG (44) at t = 1 is 6 while the degree of the polynomial arising from the dimension of the SU (8) representation [n 1 , n 2 , n 3 , n 4 + n 5 , n 3 , n 2 , n 1 ] is 28. They add up to 34 which is the dimension of the reduced moduli space of one-instanton of
The fundamental "building blocks" of the quiver diagram reported in fig.10 are the quiver diagram [4] - (3)- (2)- (1) and the quiver diagram [4] - (2)- (1). We perform the computation of the corresponding HS using the formula (7). The Hilbert Series of the first quiver reads
where the fugacities x i satisfy the constraint x 1 x 2 x 3 x 4 = 1 and we set n 4 = 0. While the HS of the second quiver reads
where the fugacities satisfy the constraint p 2 1 p 2 p 3 = 1 and we set n 4 = 0. We glue together the three quiver diagrams gauging the common SU (4) global symmetry group using the formula (15) . The corresponding unrefined Hilbert series reads (B.13)
The dimension of the pole of the unrefined HWG (55) at t = 1 is 7 while the degree of the polynomial arising from the dimension of the SU (2) × SU (8) representation [2n 1 + n 3 ; n 2 , n 3 , n 4 , n 5 , 2n 6 + n 3 , n 5 , n 4 , n 2 ] is 29. They add up to 36 which is the dimension of the pole at t = 1 of the unrefined Hilbert Series (B.12).
B.4 N = 5, G global = SU (10)
The "building blocks" of the quiver diagram reported in figure 11 are the quiver diagram [5] - (4)- (3)- (2)- (1) and the quiver diagram [5] - (2) . We use the formula (7) and we compute the Hilbert Series for each of them. The Hilbert Series of the first quiver diagram reads 14) where the fugacities x i satisfy the constraint x 1 x 2 x 3 x 4 x 5 = 1 and we set n 5 = 0. The Hilbert Series of the second quiver reads
where the fugacities satisfy the constraint p 3 1 p 2 2 = 1 and we set n 5 = 0. We glue together the three quiver diagrams gauging the common SU (5) global symmetry group using the formula (15 The dimension of the pole of the unrefined HWG (72) at t = 1 is 7 while the degree of the polynomial arising from the dimension of the SU (10) representation [n 1 , n 3 , n 5 , n 6 , n 2 + n 4 , n 6 , n 5 , n 3 , n 1 ] is 45. They add up to 52 which is the dimension of the pole at t = 1 of the unrefined Hilbert Series (B.16).
B.5 N = 5, G global = SU (2) × SU (10)
The "building blocks" of the quiver diagram reported in figure 12 are the quiver diagram [5] - (4)- (3)- (2)- (1) and the quiver diagram [5] - (2)- (1). We use the formula (7) and we compute the Hilbert Series of the first quiver diagram 17) where the fugacities x i satisfy the constraint x 1 x 2 x 3 x 4 x 5 = 1 and we set n 5 = 0. The Hilbert Series of the second quiver reads
where this time the fugacities satisfy the constraint p 3 1 p 2 p 3 = 1 and we set n 5 = 0. We use the formula (15) and we compute the Hilbert Series of the quiver reported in figure 12 . The corresponding unrefined Hilbert series reads HS SU (2)×SU (10) (t, 1, ..., 1) = P SU (2)×SU (10) (t) We observe that the dimension of the pole of the unrefined HWG (83) at t = 1 is 8 while the degree of the polynomial arising from the dimension of the SU (2) × SU (10) representation [2n 2 + n 4 ; n 1 , n 3 , n 5 , n 6 , n 4 + 2n 7 , n 6 , n 5 , n 3 , n 1 ] is 46. They add up to 54 which is the dimension of the pole at t = 1 of the unrefined Hilbert Series.
B.6 N = 6, G global = SU (12)
The "building blocks" of the quiver diagram reported in fig.13 are the quiver diagram [6] - (5)- (4)- (3)- (2)- (1) and the quiver diagram [6] - (2) . We use the formula (7) and we compute the corresponding Hilbert Series. The HS of the first quiver reads HS[T (1,1,1,1,1,1) (SU (6))](x 1 , x 2 , x 3 , x 4 , x 5 , x 6 , n 1 , n 2 , n 3 , n 4 , n 5 , 0) = = t 5n1+3n2+n3−n4−3n5−5n6 where the fugacities x i satisfy the constraint x 1 x 2 x 3 x 4 x 5 x 6 = 1 and we set n 6 = 0. The Hilbert Series of the second quiver reads HS[T (4, 2) [(SU (6) )](p 1 , p 2 , p 3 , n 1 , n 2 , n 3 , n 4 , n 5 , 0) = t 5n1+3n2+n3−n4−3n5−5n6
(1 − t B.7 N = 6, G global = SU (2) × SU (12)
The "building blocks" of the quiver diagram reported in fig.14 are the quiver diagram [6] - (5)- (4)- (3)- (2)- (1) and the quiver diagram [6] - (2) . We use the formula (7) where the fugacities x i satisfy the constraint x 1 x 2 x 3 x 4 x 5 x 6 = 1 and we set n 6 = 0. The HS of the second quiver diagram is HS[T (4,1,1) (SU (6))](p 1 , p 2 , p 3 , n 1 , n 2 , n 3 , n 4 , n 5 , 0) = t 5n1+3n2+n3−n4−3n5−5n6
(1 − t where the fugacities satisfy the constraint p 4 1 p 2 p 3 = 1 and we set n 6 = 0. We glue together the Hilbert Series of the three quivers diagrams using the formula (15).
B.8 G global = SO(14) × U (1)
The quiver diagram with SO(14) × U (1) global symmetry is reported in figure 16 .
The "building blocks" of this theory are the quiver diagram [5] - (4)- (3)- (2)- (1) and the quiver diagram [5] - (3)- (1). We use the formula (7) and we find the HS of each "building blocks". The HS of the quiver [5] - (4)- (3)- (2)- (1) reads HS[T (1,1,1,1,1) (SU (5))](x 1 , x 2 , x 3 , x 4 , x 5 , n 1 , n 2 , n 3 , n 4 , 0) = = t where the fugacities x i satisfy the constraint x 1 x 2 x 3 x 4 x 5 = 1 and we set n 5 = 0. The HS of the quiver [5] - (3)- (1) We glue together the three gauge theories using the formula (15 
